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Abstract This study employs the Space-Time Conservation
Element and Solution Element (CE/SE) method to deter-
mine the influence of downstream flow conditions on Mach
stem height. The results indicate that the Mach stem height
depends on the incident shock wave angle and the distance
between the trailing edge and the symmetry plane. Fur-
thermore, it is shown that the downstream length ratio and
the trailing edge angle do not affect the Mach stem height
nor the Mach reflection (MR) configuration, and the Space-
Time Conservation Element and Solution Element method
is able to simulate the MR as well as many other numerical
schemes.

Keywords Supersonic flow · Mach reflection · Mach stem
height · CE/SE method

PACS 47.40.Nm

1 Introduction

Two shock wave reflection configurations are possible in
steady supersonic flows, namely Regular Reflection (RR)
and Mach Reflection (MR). In general, the MR configura-
tion can be described by applying three-shock theory in the
vicinity of the triple point. If any point along the incident
shock wave is selected and three lines are drawn parallel
to the reflected shock wave, Mach stem and slipstream, re-
spectively, then a new triple point can be obtained. The two
triple points completely satisfy three-shock theory. Hence, it
is clear that multiple MR configurations exist for any given
set of flow conditions. However, this observation is contra-
dicted by experimental studies, which are only able to iden-
tify one reflection configuration for any set of flow condi-
tions. Consequently, three-shock theory is incapable of pre-
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dicting the actual height of the Mach stem. Ben-Dor et al.
[1] have stated that identifying the precise factors determin-
ing the size of a Mach reflection remains one of the last un-
resolved shock wave reflection problems in the steady flow
field.

Hornung et al. [2] introduced the concept of the normal-
ized Mach stem height. In their model, it is assumed that
the downstream pressure is sufficiently low, and the nor-
malized exit cross-sectional area at the trailing edge suffi-
ciently large, that supersonic flow is established at the down-
stream end of the stream tube between the two slipstreams.
In their study, it was concluded that the normalized Mach
stem height is dependent on the specific heat ratio, γ , the
inflow Mach number, M0, the wedge angle, θw, and the nor-
mal exit cross-sectional area at the trailing edge, ht . How-
ever, the precise relationship between these parameters was
not clarified.

Azevedo et al. [3] presented a physical model to predict
the Mach stem height. In this model, it was assumed that:
(1) the Mach stem is straight and perpendicular to the sym-
metry plane, (2) the Mach stem, the slipstream, and the sym-
metry plane form a one-dimensional converging nozzle, (3)
the sonic throat in the converging nozzle is located at the
leading characteristic of the expansion fan intersection with
the slipstream, (4) the flow behind the Mach stem inside the
converging nozzle is isentropic and attains sonic conditions
at the throat, and finally (5) the gas is an ideal fluid. By ap-
plying the conservation of mass and linear momentum, an
analytical model was developed, which enabled calculation
of the Mach stem height. However, some researchers have
questioned the validity of the model. For example, the ac-
tual Mach stem tends to be curved rather than straightened.
Furthermore, in the study performed by Vuillon et al. [4]
to determine the location of the sonic throat, it was clearly
demonstrated that the sonic throat is not located at the inter-
section of the leading characteristic of the expansion fan and
the slipstream.

In a later study, Li et al. [5] modified the model of
Azevedo et al. [3] for predicting the Mach stem height of
Mach reflection wave configurations in steady flows. Their
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study consider the interactions of the expansion fan with the
reflected wave and the slipstream, and made the assumptions
that the Mach stem was slightly curved and that the sonic
throat in the converging nozzle was located at actual loca-
tion. In both the Li and Ben-Dor’s model and Azevedo and
Liu’s model, when the Mach stem height is forced to be zero
the shock wave angle must conform to the van Neumann cri-
terion. However, the transition angle yielded by the model
proposed by Azevedo and Liu is actually greater than the
von Neumann transition angle since it incorrectly specifies
the throat location.

The Models of Azevedo and Liu and Li and Ben-Dor
both assumed that the flow was free of downstream influ-
ence. However, Schotz et al. [6] proposed a more realistic
model for predicting the height of the Mach stem in steady
flows by accounting for the trailing edge angle of the re-
flecting wedge and by taking into consideration the expan-
sion fan and its interaction with both the reflection wave and
the slipstream. Using this model, it was determined that the
normalized Mach stem height increases as the trailing edge
angle increases. In other words, their results suggested that
the downstream flow expansion process might have a signif-
icant influence upon the Mach stem height. Ben-Dor et al.
[7] adopted both numerical and experimental approaches to
investigate the same problem, and indicated that there was
no significant change in the Mach reflection configuration
for any of the considered trailing edge angles. Similarly, the
experimental results of Chpoun et al. [8] also contradicted
the analytical findings of Schotz et al. [6].

From the discussion above, it is clear that the pre-
cise influence of the downstream geometry and flow con-
ditions on the Mach stem height in supersonic flow is yet
to be fully clarified. Hence, the present study employs the
unique Space-Time Conservation Element and Solution El-
ement (CE/SE) method developed by Chang et al. [9] to
further investigate this problem. The following section of
this paper provides a brief description of the adopted nu-
merical method. The paper then presents a validation of
the computer code, and subsequently provides some re-
sults and discussion. Finally, the paper presents some brief
conclusions.

2 Numerical method

Chang et al. [9] proposed the original CE/SE method, which
uses triangular and tetrahedral meshes to solve conservation
laws. Subsequently, Zhang et al. [10] introduced a mod-
ified two-dimensional CE/SE method employing quadri-
lateral and hexahedral meshes. The CE/SE method incor-
porates many unconventional features, including a unified
treatment of space and time in calculating flux conserva-
tion, a new shock-capturing strategy which does not use a
Riemann solver, and simple treatments of the reflective and
nonreflective boundary conditions based on a local space-
time flux conservation. In the CE/SE method, the flow vari-
ables, U, and its spatial gradient, Ux and Uy , are considered

to be unknowns and are solved simultaneously. Recently, the
CE/SE method has been employed in numerical investiga-
tions of a wide variety of flow problems, including various
acoustic problems (Wang et al. [11]), shock/acoustic wave
interaction (Wang et al. [12]), and chemically reacting flows
(Yu et al. [13]). In the case of shock/acoustics interaction,
although the shock pressure jump is several orders of mag-
nitude higher than the acoustic wave pressures, the CE/SE
method is still capable of catching the penetrated acous-
tic waves behind the shocks. The CE/SE method is without
doubt a promising numerical framework for the investiga-
tion of fluid mechanics problems at all flow velocities.

3 Results and discussion

3.1 Code validation

Consider a diverging nozzle whose cross-sectional area is
specified as

A(x) = 1.398 + 0.0347x[tanh(4.) − tanh(−4.)] (1)

The nozzle entrance is located at x = 0 and the exit at x =
10. The fluid within the nozzle is assumed to be air with a
specific heat ratio of 1.4. It is chosen to validate the code
under the supersonic inflow and subsonic outflow boundary
conditions, the inflow properties can be specified as:

M0 = 1.5, ρ = 1.4, and p = 1.0 (2)

The flow at the outlet is subsonic, and hence the pressure at
the exit is a constant given by p = 2.459.

All of the flow property values within the domain are
specified to equal those of the inflow values. Figure 1 com-
pares the analytical and numerical solutions of pressure,
density, and Mach number distributions along the central
line. It is apparent that the pressure specified at the exit
creates a normal shock in the converging nozzle. In front
of the normal shock, the density and pressure are seen to
decrease, and the Mach number to increase, as the cross-
sectional area increases. However, behind the normal shock,
the flow is subsonic and the pressure increases to match the
exit pressure. With subsonic flow at the exit, the exit pres-
sure is equal to the specified outlet pressure. It is noted that
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Fig. 1 Comparison of analytical and numerical results for flow in a
convergent nozzle
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Fig. 2 Computational domain and boundary conditions

the shock discontinuity is well resolved almost within few
mesh intervals. In the present numerical simulation using the
CE/SE method, it can be seen that there is excellent agree-
ment between the numerical results and the analytical solu-
tions when appropriate boundary conditions are specified.

3.2 Mach steam height with different downstream
duct length

Figure 2 presents a schematic illustration of a supersonic
flow entering a duct with an embedded wedge. Under these
conditions, different downstream duct lengths of the reflect-
ing wedge (Ld ) may change the location of the second ex-
pansion. The following investigation explores the influence
of different length ratios, R (where R = Ld/Lr ), on the flow
configuration.

Initially, the Mach reflection configuration was modeled
for an inflow Mach number of 2.84, a distance between the
trailing edge and the symmetry plane of 0.5, a length ratio
of 0.4, and a reflecting wedge angle of 22◦. In this particu-
lar simulation case, the trailing edge angle, θ4, was specified
to be 0. It is noted that the space underneath the wedge was
also included in the computation. Since the problem is sym-
metrical in nature, it was only necessary to perform com-
putations in one-half of the modeled geometry. Two sets
of unstructured grids were generated to conduct a refine-
ment study for the coarse mesh (34,000 cells)and finer mesh
(102,000 cells), respectively. From the result adopting a finer
mesh slightly improves the numerical results, however, the
coarse mesh also provides a satisfactory representation of
the Mach reflection structure. Furthermore, it is observed
that the Mach reflection structure and the reflecting point by
the reflected wave at the same locations in the vicinity of the
symmetry plane and reflecting wedge, respectively. Conse-
quently, the computational results presented in the following
paragraphs are obtained using the finer gird configuration.

The following configuration was modeled for a reflect-
ing wedge angle of 22◦, an inflow Mach number of M0 =
2.84, the length ratio of R = 0.4, and two different val-
ues of ht , i.e. ht = 0.5 and 0.6. The corresponding nu-
merical results are shown in Fig. 3a and b, respectively. In
both cases, the results indicate that the modeled shock re-
flection is the Mach reflection configuration. The oblique
shock waves generated by the leading edge of the reflect-
ing wedge, and the Mach reflection configuration formed

a b

Fig. 3 Flow evolutions with M0 = 2.84, θw = 22◦, R = 0.4 for
different values of ht : (a) ht = 0.5; and (b) ht = 0.6

at the neighboring symmetry plane, are clearly shown in
the figure. The expansion fans emanating from the trailing
edge first refract through the reflected shock and then in-
teract with slipstream. The flow becomes subsonic after the
Mach stem and is then accelerated in the convergence noz-
zle formed by the slipstream and the symmetry plane. In
the Fig. 3a and b, the reflected shock refracts with expan-
sion and subsequently impacts the reflecting wedge, hence
causing a second shock reflection, i.e., regular reflection.
When this shock wave subsequently interacts with the slip-
stream, the re-reflected wave is transmitted through the slip-
stream and forms a shock reflection at the symmetry plane.
Since the geometry of the wedge is such that its upper right
external angle exceeds the maximum permissible value of
Prandtl–Meyer expansion, a separation zone is formed be-
hind the reflecting wedge. The flow within this separation
zone is subsonic. Furthermore, curved shear layers are evi-
dent around the separation zone. The external flow is super-
sonic, and the curved shear layer causes a continuous flow
compression to take place in the vicinity of this layer. The
compression waves gradually converge and coalesce to form
a finite oblique shock wave. It is noted that the Mach reflec-
tion moves in the downstream direction for the higher value
of ht . Hence, the reflected shock wave does not impact the
reflecting wedge, but interacts with the shear layer instead.
Since the separation zone is subsonic, the reflected shock
wave is unable to pass through the shear layer into the sep-
aration zone. Furthermore, the external flow near the shear
layer is smoothly turned by the interaction of the expansion
fan and the reflected wave. Consequently, the reflected shock
vanishes when it interacts with the shear layer.

Figure 4 presents the variation in the normalized Mach
stem height with the length ratios (R) for different distances
between the trailing edge and the symmetry plane (ht ). It is
observed that for a given value of ht the normalized Mach
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Fig. 4 Variation of normalized Mach stem height with length ratio for
different ht
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Fig. 5 Transition process of bow shock wave: (a) nonstationary regular
reflection configuration; (b) nonstationary Mach reflection configura-
tion; (c) secondary Mach reflection configuration; and (d) stationary
bow shock wave in front of the reflecting wedge

stem height remains virtually constant for different length
ratios, i.e., its height is independent of the length ratio. Fur-
thermore, the Mach stem height is seen to increase as the
value of ht becomes smaller. The Mach reflection structure
remains stable as the distance between the trailing edge and
symmetry plane decreases until the reflected shock impacts
the reflecting wedge. At this point, the subsonic region be-
hind the Mach stem become unstable and the triple point
moves in the upstream direction along the incident shock
wave. Finally, the Mach stem moves upstream and become
a bow shock wave in front of the reflecting wedge. A typi-
cal example of this transition process is shown in Fig. 5a–d,
which represent the case of an inflow Mach number of
M0 = 2.84, an incident shock wave angle of �1 = 41◦
(reflecting wedge angle θw = 21.529◦), and a normalized
distance between the trailing edge and the symmetry plane
of ht/Lr = 0.4. Figure 5a–d illustrates the nonstationary
regular reflection configuration and the Mach reflection con-
figuration, respectively. In Fig. 5a–c, it can be seen that
the reflected shock wave impacts the reflecting wedge and
that Mach stem moves upstream, hence causing a secondary
Mach reflection. Finally, Fig. 5a–d shows that a stable bow
shock wave is established in front of the reflecting wedge.
It is noted that these results are in good agreement with the
previous studies of Vuillon et al. [14].

3.3 Mach stem height with different trailing edge angles

Hornung et al. [2] suggested that the normalized Mach stem
height is dependent on the incident shock wave angle (�1).
Furthermore, Vuillon et al. [14] stated that the extent of the
expansion fan was influenced by the trailing edge angle, θ4,
and hence brought about changes in the Mach stem height.
It was noted that for a constant trailing edge angle, larger
incident shock wave angles would result in a larger Mach
stem height.

The corresponding computational domain has been pre-
sented previously in Fig. 2. In the present investigation of
the influence of the trailing edge angle upon the Mach stem
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Fig. 6 Numerical density contours for M0 = 2.84 and trailing edge
angles of: (a) θ4 = 0◦; (b) θ4 = 5◦; (c) θ4 = 10◦; (d) θ4 = 15◦;
(e) θ4 = 20◦; (f) θ4 = 25◦; (g) θ4 = 30◦; and (h) θ4 = 35◦

height, the following boundary conditions were imposed:
(1) supersonic conditions on the upstream inflow, (2) reflec-
tive conditions on the symmetry plane and wedge surface,
and (3) nonreflective conditions on the downstream outflow.
Figure 6a–h presents the simulation results obtained for dif-
ferent values of trailing edge angles for the case of an in-
flow Mach number of M0 = 2.84, a reflecting wedge an-
gle of θw = 21.529◦, a normalized distance between the
trailing edge and the symmetry plane of ht/Lr = 0.5, and
the trailing edge angles of θ4 = 0◦, 5◦, 10◦, 15◦, 20◦, 25◦,
30◦, and 35◦, respectively. The individual figures illustrate
various details of the flow structures, including the incident
shock wave, the reflected shock wave, the Mach stem, the
slipstream, the trailing edge expansion, and the downstream
flow acceleration through the converging nozzle. The results
clearly demonstrate that the Mach stem height is indepen-
dent of the trailing edge angle.

In order to investigate the influence of the distance be-
tween the trailing edge and the symmetry plane on the Mach
stem height, two different distances are considered, i.e., 0.45
and 0.5. Figure 7a–c respectively illustrate the variation of
the normalized Mach stem height (i.e. Hm/Lr ), the location
of the sonic throat (i.e. Xt/Lr ), and the location of the Mach
stem (i.e. Xm/Lr ) with the trailing edge angle for differ-
ent values of incident shock wave angle and distances be-
tween the trailing edge and the symmetry plane. Figure 7a–c
indicates that the Mach stem height is independent of the
trailing edge angle, and hence it can be concluded that the
trailing expansion process does not affect the Mach stem
height. These results are in good agreement with the previ-
ous numerical studies of Ben-Dor et al. [1] and experimental
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Fig. 7 Variation of (a) normalized Mach stem height, (b) normalized
sonic throat location, and (c) normalized Mach stem location with trail-
ing edge angle for different incident shock wave angles and different
distances between the trailing edge and the symmetry plane

works of Chpoun et al. [8]. Furthermore, decreasing the in-
cident shock wave angle or increasing the distance between
the trailing edge and the symmetry plane is seen to cause
the sonic throat and the Mach stem to move downstream.
From these results, it can be concluded that the Mach stem
height increases as either the incident shock wave angle in-
creases or the distance between the trailing edge and the
symmetry plane decreases. As the distance between the trail-
ing edge and the symmetry plane decreases, the normalized
Mach stem moves in the upstream direction and increases in
height.

4 Conclusion

This study has employed the Space-Time Conservation El-
ement and Solution Element (CE/SE) method to investi-
gate the characteristics of Mach reflection (MR) in two-
dimensional supersonic flows. Prior to presenting the com-
puted MR results, the CE/SE method has also been validated
through comparisons with analytical solutions for the flow
configuration in the diverging nozzle for supersonic inflow
and subsonic outflow conditions.

In Sect. 3.2, the space underneath a reflecting wedge is
included in the calculation. The parameter, length ratio (R),
is used to investigate its effect on the Mach stem height. Both
the expansion fans at the top of the wedge and the end of
the duct interact with the slipstream and reflection shocks.
The subsonic patch behind the Mach stem is isolated in the
region between the Mach stem and the slipstream. The sub-
sonic patch is not influenced by the second expansion fan
near the end of the duct. This length ratio, therefore, has no
influence on the Mach stem height. In Sect. 3.3, the effect
of trailing edge angles on the Mach stem height is studied.
It has been shown that the trailing edge angles do not af-
fect the Mach reflection configuration either. Hence, it can
be concluded that the Mach reflection configuration is free
of downstream influences if the downstream flows are gen-
erally supersonic except for the small subsonic patch, then

manipulating the tail of the expansion fan within the super-
sonic region by changing the boundary cannot have an influ-
ence on the upstream flows. The present results provide an
independent clarification of the inconsistent solutions pro-
vided by Ben-Dor et al. [1] and by Schotz et al. [6]. It has
been determined that the present solutions are in good agree-
ment with those of Ben-Dor et al. The CE/SE method has
successfully demonstrated its capability in simulating MR
phenomena.
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